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The interest in discrete subgroups of Lie groups has arisen from two 
seemingly separate sources-one geometric and one arithmetic. 
From geometry there arises the question: What are the “homogeneous” 
spaces X on which a Lie group operates transitively? Any connected 
space X of this kind has the form X = G/H with G a connected Lie 
group and Ha closed subgroup. Let Ho denote the connected component 
of the identity in H. If H/Ho is finite, then topologically, such a space 
has a “covariant fibering” (cf. Mostow [14]), i.e., a fibering 
l+E+G/H-+K/KnH-tl 
with euclidean fiber E and base space K/K n H, where K is a maximal 
compact subgroup of G; and moreover, the fibers are permuted transi- 
tively by K. Thus if G/H is compact and H/Ho is finite, then 
G/H = K/K n H and the homogeneous space arises as the coset space 
of a compact Lie group. The homology and homotopy of such spaces 
have been studied starting with E. Cartan in 1928 and their structure 
was clarified during 1928-1959 by Ehresmann, Pontriagin, Hopf, 
Samuelson, Borel, Serre, Bott et al. (see Bore1 [l] for a survey of 
developments up to 1955; cf. also Bott [3,4]). In order to get compact 
homogeneous spaces that are not quotients of compact groups, it is 
necessary to consider quotients G/H with H/Ho infinite. For example, 
the Klein bottle is a homogeneous space of this kind. 
If we consider the special case Ho = (identify), then we are dealing 
with a discrete group H. It turns out that if G is semisimple then no 
generality is lost in considering the case that H is discrete (in seeking 
compact quotients of G on which no compact subgroup operates 
transitively). 
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We are led therefore to ask whether there always exist discrete 
subgroups r in a Lie group G such that G/r is compact. Consider the 
example G = SL(2, R). H ere there are three distinctly different methods 
of constructing such a subgroup r, an analytic, a geometric, and an 
arithmetic method. 
The analytic method consists of regarding SL(2, R) as operating on the 
upper half X of the complex plane via 
z --+ (az + b)/(cz + d). 
Set G = PSL(2, R) = SL(2, R)/(*l). Then G operates faithfully and 
transitively on X, and X = G/K where K is the stabilizer of a point x 
in X. If x = i, then K = SO(2, R)/( f 1) and K is a compact subgroup 
of G, in fact a maximal compact subgroup. Let S be a compact Riemann 
surface of genus greater than 1, and let r = z-r(S), the fundamental 
group of S. From uniformization theory one knows that X is complex 
analytically equivalent to the simply connected cover of S. Thus 
S = I’\X = r/G/K. We have a fibering 1 + K --f I’\G + r\GIK --f I 
and thus r\G is compact. 
The geometric method consists of regarding X as a Riemannian space 
with the G-invariant metric 
Upon mapping X into the interior of the unit circle, this is equivalent 
to the usual PoincarC metric 
on the interior of the unit circle. The geodesics are the arcs of circles 
meeting the boundary of X orthogonally. Let F be any geodesic triangle 
whose angles are integral parts of ZT, and let r denote the group of 
isometries of X generated by reflections in the sides of F. Then F is a 
fundamental domain for r and thus r is discrete. 
As is well known, the group G is of index two in the group of isometries 
of X. Hence r n G is of finite index in r and G/I’ n G is compact. 
The arithmetic method goes back to the nineteenth century (cf. Fricke 
and Klein [5, p. 5981). Th is method is most easily explained in light of 
the criterion contained in the socalled “Godement conjecture.” 
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Let G be a semisimple algebraic matric group defined over the Jield of 
rational numbers. Assume that GZ has no unipotent elements other than 
(1). Then G/GZ is compact. 
This conjecture was proved in 1961 by Bore1 and Harish-Chandra 
on the one hand and by Tamagawa and myself on the other 
(cf. References). Using this theorem one can construct a discrete 
subgroup r of SL(n, R) with compact quotient as follows. 
Let c be a square-free positive integer, say c = 3. Set k = Q(&), 
K = Q($‘/c) with KC R. Let (T E Gal(k/Q) be the automorphism 
u + dc v --+ u - l/c v. Let T E Gal(K/k) be the automorphism 
x + & y -+ x - +‘Z y. Letf denote the Hermitian formf = CL1 xixi7 
where (x1 ,..., an) E K”. The special unitary group S U (f) of the formf 
is a subgroup of SL(n, K) and can be regarded as the k-rational points of 
an algebraic subgroup B of SL(2n) when one replaces each matrix 
coefficient in SL(n, K) by the 2 x 2 matrix of the regular representation 
of K/h. Restricting the ground field from k to Q, set 
A = Rest,,Q B. 
Then A is an algebraic group defined over Q, 
A=BxB+ 
B c-+ SL(2n, C) n O(3) where 3 = Cy=, xi2 - d/cyi2 and & c-+ 
SL(2n, C) n 0(3$ where p = CF=, xi2 + 6 y$. We find in fact that 
BR = SL(n, W) and Bs7 is a compact group canonically isomorphic to 
the special unitary subgroup of SL(n, C). By the Godement criterion, 
AR/AZ is compact, Now let r denote the projection of AZ into the first 
factor BR . Then SL(n, R)/r is compact. 
A discrete subgroup r of a Lie group G with G/I’ of finite Haar 
measure is called a lattice subgroup. The lattice subgroup r is called 
uniform if G/r is compact. 
Of the above three methods for constructing lattice subgroups only 
the arithmetic method has been generalized to arbitrary groups. Thus 
there arose the conjecture, first attacked by A. Selberg, that apart from 
some exceptions, a lattice subgroup of a semisimple group is arithmetic. 
We shall return to this conjecture later but now follow the chrono- 
logical developments in connection with this conjecture. Selberg proved 
in 1960 [30] that any deformation of a uniform lattice r in SL(n, R) 
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was trivial, i.e., arises by inner automorphisms x + g(t) xg(t)-’ whereg(t) 
is a smooth path in SL(n, Iw), 0 < t < E. In 1962, this result was 
generalized by A. Weil [34] to uniform lattices, arbitrary semisimple 
groups having no factor locally isomorphic to SL(2, Iw) and no compact 
factors. 
The exceptional nature of SL(2, W) in this result arises from the well- 
known fact that the complex-structure of two compact Riemann surfaces 
of the same genus need not be (complex-analytically) equivalent but 
can be deformed into each other. Given compact Riemann surfaces S 
and S’ of genus g > 1, set r = zri(S), r’ = z-i(S’), Y: S --t S’ a 
diffeomorphism, and Y *: I’+ r’ the induced isomorphism of funda- 
mental groups. Then r and r’ are uniform lattice subgroups of 
PSL(2, R). r can be deformed into r’, but not via inner automorphisms 
of PSL(2, R); otherwise S and S’ would have equivalent complex 
structures. 
In 1965 I attempted to find a geometric explanation for this rigidity 
of lattice subgroups from the point of view of transformation groups. 
We can view the fundamental group I’ of the compact Riemann surface S 
as a group of transformations of the interior of the unit circle X, which 
is complex-analytically equivalent to the simply connected covering 




where v: X -+ X is a map satisfying 
for all y E r, x E X, where 0 = ?Py, . Thus v is a r-space morphism; 
and the transformation group viewpoint at this stage fails to distinguish 
the more subtle question of whether r and r’ are conjugate in PSL(2, W). 
However, if we regard r as a transformation group on the closed disk 
(x; I < l}, then the transformation group structure can discriminate 
between r and r’. 
In fact, in 1965 I showed more generally (cf. Mostow [16, 171): 
THEOREM 1. Let G be a semisimple centerless group, and let r and r’ 
be lattice subgroups in G. Let K be maximal compact subgroup of G and set 
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X = G/K. Let X, denote the “boundary” of X. Let 0: r -+ r’ be an 
isomorphism of r onto r’. Assume 
(1) There is a r-space morphism 9’: X -+ X, 
(2) T has boundary values q+, on X0 , 
(3) q+, is smooth on X,, . 
Then 0 extends to an analytic isomorphism of G onto G. 
The “boundary” X,, above refers to the Furstenberg maximal 
boundary or, equivalently, to the unique compact G-orbit of the Satake 
compactification. 
The proof of the theorem above was highly algebraic; it depends in 
fact on checking the restricted R-root diagrams of the real simple Lie 
algebras. However, I conjectured in that paper that conditions (l), (2), 
and (3) were superfluous if G has no factor isomorphic to PSL(2, W). 
After considerable elapse of time and effort, I succeeded in proving 
this [20]. 
It is convenient to reformulate the theorem as follows. Let 9? be a 
category of connected Lie groups, for example, abelian groups, simply 
connected nilpotent groups, semisimple groups, etc. 
DEFINITION. Strong rigidity holds in the category %? if given two 
pair (G, r) and (G’, r’) with (i) G and G’ in V, (ii) r and I” lattices in G 
and G’ respectively, and (iii) 0: r -+ I” an isomorphism of r onto r’, 
then 0 extends to an analytic isomorphism of G onto G’. 
THEOREM A. Strong rigidity holds in the category VI of semisimple 
groups without center, without compact factors, and without factors 
isomorphic to PSL(2, R). 
The proof of Theorem A consists in carrying out the program 
suggested by Theorem 1. The difficulties are analytic in nature. The first 
case in which the program could be carried out successfully was the case 
G = G’ = PSO(n, 1) (cf. Mostow [lS]). In this case the space X is 
hyperbolic n-space. The analytic difficulties could be attacked with the 
help of the theory of quasiconformal mappings. Interestingly enough, 
the boundary map yo: X0 -+ X0 turned out to exist and be continuous 
for all n, even n = 2. However only for n > 2 is it necessarily smooth, 
and in fact I could prove it is a Moebius transformation. This last fact 
comes from exploiting the fact that r operates ergodically on the 
boundary X0 . 
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The boundary map in case n = 2 turns out to be either a Moebius 
map, or else its derivative is zero whenever the derivative exists. If we 
recall that the derivative of a homeomorphism of a circle onto itself exists 
almost everywhere, we find that we have a remarkable phenomenon; 
namely, the family of compact Riemann surfaces of genus g > 2 make up 
an analytic family Y. Fix an element S,, E Y. To each S E Y and to 
each isomorphism ni( S,) -+ 5-i(S), we can associate a unique completely 
singular function f on the circle depending analytically on the mod&! 
So far as I know, this is the first case in which a completely singular 
function arises in a natural way. It would be of interest to determine the 
Fourier expansions of this family of functions. 
The proof of Theorem A for the subcategory of groups in %?, having 
no R-rank 1 factors, was announced at the 1970 Nice Congress for the 
case of uniform lattices (cf. Mostow [19]). The first step of the proof is 
elementary. The space X is homeomorphic to euclidean space. Moreover, 
one can assume without loss of generality that r has no torsion, thanks 
to a lemma of Selberg asserting that r has a torsion-free subgroup of 
finite index. Consequently both r\X and rl/X’ are K(.Z-‘, 1) spaces and 
have the same homotopy type, as is well-known. Equivalently, r 
operates freely on X and X’ and there is a r-space morphism y between 
the universal p-bundles X and X’. 
The most difficult step is to show that the map F, defined above by 
elementary fiber-bundle theory, has boundary values. This is proved as 
follows. I proved, at least if G/f is compact, that we can choose q~ to be a 
pseudo-isometry, that is, there exist constants R 3 1 and b > 0 such that 
(PI 1) ef44 V(Y)) G 4% Y) for all x, y E X and 
(PI 2) d(&), V(Y)) > h-l@, Y) if d(% Y) 2 b. 
For compact spaces, this condition is always satisfied by the constant 
map into a single point for suitable k and b. However, for the non- 
compact space X, the condition of being a pseudo-isometry imposes 
far-reaching uniformity conditions. In particular, condition (2) of 
Theorem 1 is always true, and in fact the boundary map F,,: X,, --t X0’ is 
a homeomorphism. 
The proof in the case of no R-rank 1 factors of condition (3), the 
boundary map q+,: X0 -+ X0’ is smooth, fortunately falls out of a very 
interesting combinatorial consideration which turns up in the course of 
proving that y,, has boundary values. 
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One can establish very strong convexity properties for the G-invariant 
metric on X. The R-rank of G is easily seen to be the dimension of a 
maximal flat subspace F of X. In turn, any such F is the orbit of a maximal 
vector subgroup A of G which is diagonalizable over Ii!. In A, one can 
speak of R-restricted roots of G, Weyl chambers, and walls of chambers. 
If S is a chamber wall of A, and if x E F, then <F = Sx is called a 
“wall in X” of origin x. One proves: 
For any wall <F in X, y(<F) lies at finite Hausdorff distance of a wall 
<F’ in X’. 
We introduce the equivalence relation into subsets of X. A N B if 
and only if the Hausdorff distance between A and B is finite; that is, 
sup{&, B); x E A} + sup{d(A, x); x E B} < co. 
Then for any wall <F in X, set 
G, = {g E G; g<F - <F}. 
One proves: The map <F -+ G,, induces a bijective map between 
equivalence class of walls in X and of parabolic subgroups of G. 
Now the set of parabolic subgroups of a semisimple group form the 
objects of the Tits geometry T(G) associated to G [32]. In the special 
case of the projective linear group G = PGL(n, W), this amounts to 
labeling each point, line, plane, etc. of projective space by the subgroup 
which stabilizes it-these subgroups are indeed parabolic. Hence the 
map v,, induces an incidence-preserving isomorphism of the Tits 
geometry of G onto the Tits geometry of G’. The fact that q0 is smooth, 
in fact analytic, follows from the fundamental theorem of projective 
geometry, which is valid for general Tits geometries (cf. Tits [32]; 
Mostow [20, Section 161. 
We can now see why this argument breaks down in case G has R-rank 1. 
For in that case, T(G) has only points and no incidence relations. The 
fundamental theorem of projective geometry yields no information for 
To * 
Which are the spaces X of R-rank 1 that remain to be discussed? 
They are precisely hyperbolic n-space H,” over the division algebra E-6 
where K = IR, C, E-U, or CD, that is, the reals, complex numbers, quater- 
nions, or Cayley numbers. (In the last case, n = 1 or 2.) 
In the case K = [w, the method of quasiconformal mappings allowed 
us to show that y. is a Moebius transformation for n > 2, but that theory 
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was applicable only because a ball in the G-invariant metric of Hwn 
is a ball in the euclidean metric when we take as a model for HRn the 
unit ball in Rn with the PoincarC metric. However, although one can take 
the unit euclidean ball as a model for H w”, the balls in the hyperbolic 
metric are cigar shaped regions with ratio of major to minor axis 
approaching cc as one approaches the boundary unit sphere. Thus the 
usual theory of quasiconformed mappings does not apply. 
However, just enough of the methods of that theory do survive that 
one can develop a notion of quasiconformed mapping over the division 
algebra Ct6 despite the fact that multiplication in 0 is not even associative. 
One can prove: A part from the case HR2, the boundary map v,, is 
absolutely continuous on the boundary of almost all geodesic two- 
dimensional planes of H,“. 
Then, employing the fact that I’ operates ergodically on X0, one can 
show that v0 is smooth; in fact the map 
iT--+% ‘g ‘Pi? 
is an analytic isomorphism of G onto G’, where we regard G and G’ as 
transformation groups on X,, and X,,’ respectively. 
A few words are in order about the proof of Theorem A for non- 
uniform lattices. Here, by contrast with the case of uniform lattices, 
it is not at all clear that the r-space morphism y: X -+ X’ can be 
selected to be a pseudo-isometry until one has information about the 
cusps of r\X. In the case of If&rank 1, the cusps of r\X were shown to 
resemble arithmetic cusps by Garland and Raghunathan [6], and with 
this information one can get the desired pseudo-isometry. For the case 
of nonuniform lattices in semisimple groups of [W-rank greater than 1, 
there is available the remarkable proof by Kazdan and Margulis [8] 
of Selberg’s conjecture that a nonuniform lattice contains nontrivial 
unipotent elements. Using this result, G. A. Margulis [lO-121 and 
M. S. Raghunathan [28,29] independently have proved strong rigidity 
for irreducible nonuniform lattices in semisimple groups of l&rank 
greater than 1. Using the foregoing results, Gopal Prased proved in 1973 
that 4p can be selected to be a pseudo-isometry for arbitrary lattices of 
semisimple groups [27]. 
Theorem A has a geometric formulation based on the fact that X is a 
symmetric Riemannian space of nonnegative curvature and that 
r = ri(r\X) if I’ acts freely on X, in which case r\X is a locally 
symmetric space. Thus Theorem A is equivalent to 
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THEOREM A'. Let Y and Y’ be complete locally symmetric spaces of 
negative curvature and finite measure having no twodimensional factors. If 
rrl( Y) = rl( Y’), then Y and Y’ are isometric (with respect to suitably 
normalized invariant metrics). 
While strong rigidity is not valid for arbitrary Lie groups, it is 
nevertheless valid for other classes of Lie groups. To wit, strong rigidity 
holds in the category of simply connected nilpotent groups. This result of 
A. I. Malcev (1949) [9] g eneralizes the classical fact that a vector space 
is determined by any of its lattice subgroups. On the other hand, strong 
rigidity fails in the category of simply connected solvable groups. For 
example [21], let G denote the simply connected covering group of the 
semidirect product SO(2, R) - R2, the latter being the group of rigid 
motions in the euclidean plane R 2. Let r denote the complete inverse 
image in G of 1 - h2. Then G = [w - R2 (semidirect) with t E R operating 
on R2 via rotation through an angle t. Consequently, r = Z x Z2 
(direct). The isomorphism r -+ E3 cannot extend to an isomorphism of 
G to R3 since G is not abelian. 
However, I proved in 1952 [21] that if G/r is compact (which is 
equivalent to G/r has finite measure when G is solvable [22]), then G/r 
is uniquely determined as a topological space by r. One is thus led to 
[25] : 
THEOREM B. Let G and G’ be connected Lie groups having no compact 
factors. Let r and r’ be lattice subgroups in G and G’ respectively. Assume 
Tl(G/V M n-,(G’/r’). Then th ere is a manifold M which is a jnite cover 
of both G/r and G’/r’. 
This theorem reduces to an extension problem. When G is semisimple, 
the result is a consequence of strong rigidity in the category of centerless 
semisimple groups without compact factors. When G is solvable, the 
result is also known. In view of the Levi decomposition G = SR with S 
semisimple and R a normal solvable group, it remains only to deduce 
Theorem C for G, knowing it for S and R. This extension problem is 
solved with the help of the functor A(G) introduced by Hochschild 
and Mostow [7] for the study of Tannaka duality in Lie groups. We 
remark only that A(G) is a projective limit of algebraic groups defined 
for any group G and turns out to be useful for discrete groups as well. 
The desired extension theorem relies heavily on the theory of integral 
points in an algebraic group defined over the field Q of rational numbers. 
In conclusion, Theorem A’ has the following generalization (cf. [25]). 
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THEOREM C. Let X be a homogeneous G-space which is contractible and 
let I’ be a lattice subgroups of G operating freely and discontinuously on X. 
Let (G’, r’, X’) be a similar triple and let 0: I’ -+ I” be an isomorphism. 
Then there is a subgroup I’, of finite index in P and a subgroup P,,’ of $nite 
index in P’ such that P,\X and P,‘\X’ are difeomorphic. 
It is of interest to note that when dim X = 2 and G = PSL(2, R), 
then r/X is a Riemann surface of finite area with respect to the measure 
induced from the G-invariant measure of X. If I’ is a uniform lattice, 
then r\X is a compact Riemann surface of genus greater that 1. In this 
case, one can take r, = r in Theorem C, and the assertion of Theorem C 
comes from the familiar fact that two compact Riemann surfaces having 
isomorphic fundamental groups are diffeomorphic because they are 
spheres with the same number of handles. If however r is a nonuniform 
lattice, r\X is a sphere with g handles and h cusps. In this case, 
Theorem C asserts, given two Riemann surfaces, one with g handles 
and h cusps and the other with g’ handles and h’ cusps, where hh’ > 0, 
there exists a surface with g” handles and h” cusps covering each 
chronologically. This last assertion was suggested by the validity of 
Theorem C for nonuaiform lattices in cases other than G = PSL(2, R) 
and was proved recently by W. S. Massey [13]. 
It is convenient to make the following definitions. 
DEFINITION. Let M and M’ be topological spaces (resp. differentiable 
manifolds). Then M and M’ are topologically (resp. &#erentiably) 
commensurable if there exists a space M,, which is a finite (resp. and 
differentiable) covering space of both M and M’. 
DEFINITION. Let r be a group. By a locally homogeneous K(P, 1) 
space we mean a space of the form I’\G/K where I’ is a discrete subgroup 
of the Lie group G, G/K is a contractible space (and therefore diffeo- 
morphic to euclidean space by Mostow [14]), and r operates freely on 
G/K. 
We say that r\G/K has finite measure if r\G has finite measure, 
i.e., I’ is a lattice in G; in that case K is necessarily compact 
(cf. C. L. Siegel [31]). 
With these definitions, Theorem C may be restated as follows. 
THEOREM C. Any two locally homogeneous K(P, 1) spaces of finite 
measure are dsperentiably commensurable. 
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